[image: image1.png]3.1 Shannon’s Information Theory and Entropy.

‘The term information theory tefes to 2 remarkable field of study developed by Claude Shannon
in1948. Shannon’s work was like Einstein's gravitation theory, in that h created the whole field.
all at once, answering the most important questions at the beginning. Shannon was concerned
with “messages™ and their transmission, even in the presence of “noise”. For Shannon, the
word “information” did not mean anything close to the ordinary English usage. Intuitively, the
information in a message is the amount of “surprise” in the message. No surprise means zero
information. (Hey, that's someiwhat intuitive. However,itis not intitive that a random message
has the most information in this sense.)

Shannon defined 2 mathematical quantity called enrropy which measures the amount of
information in a message, if the message is one of a collection of possible messages, each
with its own probability of occurrence. This entropy is the average number of bits needed to
represent each possible message, using the best possible encoding. If there are 1 messages
X = Xi,.... X, with probabilities of occurrence: p(X1), ..., p(X.,) (with sum equal 1),
then the entropy H(X) of this set of messages is

H(X) = p(X1)logy(1/p(X1) + .. + p(Xs) loga(1/p(X.)).

Tntuitively, the entropy is just the weighted average of the number of bits required to repre-
sent each message, where the weights are the probabilities that each message might occur.

Law ENTROPY-1:

The entropy of a message is just the number of bits of
information in the message, that is, the number of bits needed
for the shortest possible encoding of the message.

Ttis possible to lst reasonable properties of any entropy function and to prove that only the
above formula gives a fanction with those properties.

For example, if we have tivo messages X = male, female, each having probability 1/2.
then the entropy is

H(X) = (1/2)(logy(1/(1/2)) + (1/2) (logs(1/(1/2))
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‘Thus in this case, s we would intuitively expect, there is one bit of information in such a
‘message

Suppose p(X,) = 1 and the remaining probabilities are zero. In this case the entropy works
out to be 0 as one would expect, since one is only going to receive the message X, 0 there
s no information and no surprise in receiving this message. The actual message X, might be
complex, with many bits representing it but its probability is 1, 5o only this message can occur,
with no information or “surprise” on its receipt, even if it is complex. (In the calculation of
entropy. the tenm 0 - log;(1/0) comes up, which looks like 0 - log, (o). This term would be
indeterminate, but the firt part tends to 0 much faster than log, (oc) tends to oo, 0 that in
practice such terms are regarded as 0.)

As another example, suppose n = 3 and p(X1) = 1/2, p(X») = 1/4. and p(X) = 1/4
Then the entropy works out to be 1.5, It is possible to encode these messages as follows:
X1+ 0. X, : 10,and Xy : 11. Tn this case the average code length is the same as the entropy
One doesn't normally expect to be able to represent collection of messages with a code whose
average length is exactly equal to the entropy: it is never possible to get the average length less
than the entropy.

Finally, suppose there are 1000 equally probably messages. Then the entropy is

H(X) = (1/1000)(logy(1/(1/1000)) + .. + (1/1000) (logy(1/(1/1000))

= (1/1000) logy(1000) + .. + (1/1000) logy (1000)
1000(1/1000) log, (1000)

= 1og,(1000) = 9.965781285.

“Thus the entropy value of these messages means that there are nearly 10 bits of information
in each message. Similarly, if there are n equally likely messages, then the entropy of 2 message
s log, n. The equal probable case gives the largest possible value for the entropy of a collection
of messages

Law ENTROPY-2:
Arandom message has the most information (the greatest
entropy). [Claude Shannon]





